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INVARIANT MEASURES FOR CONTACT HAMILTONIAN SYSTEMS:
SYMPLECTIC SANDWICHES WITH CONTACT BREAD
A. BRAVETTI, M. DE LEO´N, J. C. MARRERO, AND E. PADRO´N
Abstract. We prove that, under some natural conditions, Hamiltonian systems on a contact
manifold C can be split into a Reeb dynamics on an open subset of C and a Liouville dynamics
on a submanifold of C of codimension 1. For the Reeb dynamics we find an invariant measure.
Moreover, we show that, under certain completeness conditions, the existence of an invariant
measure for the Liouville dynamics can be characterized using the notion of a symplectic sandwich
with contact bread.
1. Introduction
Contact Hamiltonian systems have been the subject of intense study over the last years. This
is in part because contact structures have found applications in many areas of science, ranging
e.g. from classical and quantum mechanics [4, 10, 11, 13, 17] to field theories [12, 16], from statistical
mechanics [8] to statistics [3], and from optimization [5] to celestial mechanics, cosmology and
relativity [1, 6, 24, 29, 30].
One question that is of particular interest in the study of such systems is the existence of
invariant measures for the flow. This is undoubtedly one of the most important questions about
dynamical systems in general. In fact, for a dynamical system with n degrees of freedom, an
invariant measure and (n− 2) first integrals which are independent on a level set, we have that the
solutions of the system in the level set may be found by quadratures (see, for instance, [23] and
the references therein). So, for this reason, invariant measures for interesting special dynamical
systems have been intensively discussed in literature (see e.g. [27] for Poisson Hamiltonian systems,
and [15] and the references therein for non-holonomic mechanical systems).
Recently, some methods have been proposed for the integration of contact Hamiltonian systems
(see for example [19]). Invariant measures for contact Hamiltonian systems are a good tool in
order to solve this problem. Moreover, the existence of these measures is also interesting because a
positive answer could be used, in conjunction with the geometric discretization methods proposed
in [6, 28, 32], to develop new algorithms for statistical physics (e.g. Nose´–Hoover-like methods
for molecular dynamics [8]) and for statistics (e.g. for using contact Hamiltonian dynamics in the
context of Hamiltonian Monte Carlo methods [2, 3]), and it could be also relevant for the question
of the existence of attractors in inflationary cosmology [29, 30].
Contrary to standard symplectic Hamiltonian systems, for which Liouville’s theorem states the
existence of a natural invariant volume, the situation for contact flows is more involved, as we
shall see shortly. A partial answer to the existence of an invariant measure for contact flows has
been given in [7], where the authors have found an analogue of Liouville’s theorem for contact
flows (cf. Theorem 2 in [7]). However, such theorem provides an invariant measure that is well-
defined only in the region where the Hamiltonian is different from zero, whereas the corresponding
statement in [7] concerning the (invariant) region where the Hamiltonian is identically zero (cf. The-
orem 1 therein) is incorrect. Therefore it remains open the question of exploring conditions for the
existence of an invariant measure in the region where the contact Hamiltonian vanishes identically.
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Motivated by these arguments, in this work we start an analysis of the existence of invariant
measures for contact flows. To do this, one may proceed directly or one may consider the symplec-
tification of the contact structure and, then, discuss the problem in the setting of homogeneous
symplectic manifolds. In fact, contact structures and, more generally, non-coorientable contact
structures may be considered as homogeneous symplectic structures. Here, the homogeneity is
associated with a principal R×-bundle structure (a nice and detailed discussion of this fact may
be found in [9]). Anyway, in this paper, we opt for the first option and we deal with the problem
directly in the contact manifold.
In fact, we proceed in two steps:
• In the first step, we provide a suitable description of the contact Hamiltonian dynamics.
In particular, we prove that, in the open subset U , where the Hamiltonian function H has
no zeros, the Hamiltonian vector field XH is the Reeb vector field of a conformal change
of the original contact form η (Theorem 3.1).
On the other hand, if the Reeb vector field ξ associated with η is transverse to the zero
level set S of H , then we see that the differential of the restriction of η to S induces an
exact symplectic structure on S and the restriction of XH to S is, up to reparametrization,
the Liouville vector field of the exact symplectic manifold S (Theorem 3.3).
• In the second step, our strategy in order to discuss the existence of an invariant measure
for XH will be to study it separately on the regions U and S. Since XH|U is the Reeb
vector field of a conformal change of the contact structure η, we directly find an invariant
measure for XH|U and we recover the corresponding result in [7] (see Corollary 4.2).
On the other hand, the restriction of XH to S does not admit, in general, an invariant
measure. For instance, if XH|S has a critical point then there cannot be any invariant
measure for XH|S (Corollary 4.5). However under the assumptions that ξ(H) = γ ∈
R− {0} and that both ξ and XH|S are complete, we prove in Theorem 4.13, as the main
result of this paper, that XH|S admits an invariant measure if and only if the original
contact manifold C is a symplectic sandwich with contact bread (see Definition 4.11) and
XH|S admits a suitable global rectification in the sandwich.
The paper is organized as follows. In Section 2, we review some results and constructions on
Hamiltonian dynamics in contact manifolds which will be used in the rest of the paper. In Section 3,
we will prove that, under natural conditions, the Hamiltonian dynamics on a contact manifold C is
a Reeb dynamics in the open subset U of C where the Hamiltonian function is different from zero,
plus a Liouville dynamics on the invariant submanifold S in which the Hamiltonian is identically
zero. In Section 4, we will discuss the existence of invariant measures for the Reeb and Liouville
dynamics in U and S, respectively. We will assume that the Reeb vector filed ξ of C and the
restriction XH|S to S of the Hamiltonian vector field XH are complete. The paper ends with an
appendix where we will present the analogous results for the more general case when ξ and XH|S
are not necessarily complete.
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2. Hamiltonian dynamics on contact manifolds
In this section, we will review some results and constructions on Hamiltonian dynamics in
contact manifolds (for more details, see for instance [4, 14, 18, 25, 31]).
Let η be a 1-form on a (2n + 1)-dimensional manifold C. Then η is a contact form if the
(2n+ 1)-form
η ∧ (dη)n (2.1)
defines a volume form on C. The couple (C, η) is said to be a contact manifold. In such a case,
we can consider the Reeb vector field ξ ∈ X(C) associated with (C, η) which is characterized by
the conditions
η(ξ) = 1 and ιξdη = 0. (2.2)
An alternative characterization of a contact structure is the following: for a 1-form η on C, we
can consider the vector bundle morphism ♭η : TC → T
∗C from the tangent bundle to the
cotangent bundle of C given by
♭η(vx) = ιvx((dη)(x)) + η(x)(vx)η(x), for vx ∈ TxC with x ∈ C. (2.3)
Then, η is a contact 1-form on C if and only if ♭η is a vector bundle isomorphism. Note that
if (C, η) is a contact manifold then, using (2.2) and (2.3), we deduce that ♭η(ξ) = η. Moreover,
associated with the contact 1-form η, we have the 2-vector Λη on C given by
Λη(α, β) = dη(♭
−1
η (α), ♭
−1
η (β)) with α, β ∈ Ω
1(C).
On the other hand, it is well-known [18] that for every point x on a contact manifold (C, η),
there are Darboux coordinates (z, q1, . . . , qn, p1, . . . , pn) on an open neighborhood of x such
that the local expression of the contact 1-form η is
η = dz −
n∑
i=1
pidq
i.
Therefore, the local expressions of the Reeb vector field ξ and the 2-vector Λη in such coordinates
are
ξ =
∂
∂z
and Λη =
n∑
i=1
(
∂
∂qi
+ pi
∂
∂z
)
∧
∂
∂pi
.
Example 2.1 (Contactification versus symplectification). Suppose that (M,dλ) is an exact
symplectic manifold, then dz + λ defines a contact form on R×M . In this case, the Reeb vector
is
∂
∂z
and the contact manifold (R×M,dz + λ) is called the contactification of (M,dλ).
On the other hand, if η is a 1-form on C and c ∈ R− {0}, then one may prove that the 2-form
Ωc = exp(cs)(dη+ cds∧η) is a symplectic structure on R×C if and only if η is a contact structure
on C. In the particular case when c = −1, the symplectic manifold (R × C,Ω1) is said to be the
symplectification of the contact manifold (C, η) [21].
Using the 2-vector Λη and the Reeb vector field ξ, we can introduce a bracket {·, ·}η : C∞(C)×
C∞(C)→ C∞(C) on the space of differentiable functions on C defined as
{f, g}η = Λη(df, dg) + fξ(g)− gξ(f), ∀f, g ∈ C
∞(C).
Note that {·,−1} = ξ. This bracket is not in general a Poisson bracket because it is not a derivation
in each argument with respect to the standard product of real functions. In fact, (C∞(C), {·, ·}η)
is a Lie algebra and, for all H ∈ C∞(C), {·, H}η defines a first order differential operator, i.e.
{ff ′, H}η = f{f
′, H}η + f
′{f,H}η − ff
′{1, H}η, ∀f, f
′ ∈ C∞(C).
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Therefore {·, ·}η is a Jacobi bracket (see [20, 22, 26]). Moreover, the operator {·, H}η : C∞(C)→
C∞(C) can be identified with a couple (XH , fH), where XH is a vector field and fH is a function
on C, which are related with {·, H}η by the formula
{f,H}η = XH(f) + fHf.
A direct computation proves that
XH = −ιdHΛη −Hξ and fH = ξ(H). (2.4)
The vector field XH is called the Hamiltonian vector field associated with H. In fact, the
Hamiltonian vector field XH is the unique vector field on C characterized by
ιXHdη = dH − ξ(H)η and ιXH η = −H. (2.5)
The integral curves of XH are the solutions of the contact Hamiltonian dynamical system
(C, η,H). It is clear that the Reeb vector field is the Hamiltonian vector field associated with the
constant function −1.
Using Darboux local coordinates (z, qi, pi) on C, and Einstein’s notation implying a sum over
repeated indices, the Hamiltonian vector field XH is just
XH =
∂H
∂pi
∂
∂qi
−
(
∂H
∂qi
+ pi
∂H
∂z
)
∂
∂pi
+
(
pi
∂H
∂pi
−H
)
∂
∂z
and the contact Hamiltonian equations associated with XH , are given by
dqi
dt
=
∂H
∂pi
,
dpi
dt
= −
(
∂H
∂qi
+ pi
∂H
∂z
)
,
dz
dt
= pi
∂H
∂pi
−H.
The nature of contact Hamiltonian dynamics is different from the nature of symplectic Hamil-
tonian dynamics. In fact, for a contact Hamiltonian system (C, η,H) we have the following results:
• H is not a first integral of XH . Indeed, using (2.4), we deduce
XH(H) = −Hξ(H). (2.6)
• From (2.5), it follows that
LXHη = ιXHdη + d(ιXH η) = −ξ(H)η. (2.7)
Therefore, the contact form η is not invariant under the action of XH .
• The Liouville volume ν = η∧ (dη)n is not invariant under the action of XH . In fact, using
(2.7), we have that
LXHν = −ξ(H)ν + nη ∧ d(LXη) ∧ (dη)
n−1 = −(n+ 1)ξ(H)ν. (2.8)
However, η and ν are invariant under the action of ξ = X−1, i.e.
Lξη = 0 and Lξν = 0.
Next, we will present some examples of interesting contact Hamiltonian systems.
Example 2.2 (Dissipative mechanical systems). We consider the product manifold C =
R × T ∗R2 endowed with the canonical contact structure η = dz − p1dq1 − p2dq2, where z and
(q,p) = (q1, q2, p1, p2) are global coordinates on R and T
∗
R
2, respectively. The contact Hamilton-
ian function H : C → R is given by
H(z,q,p) =
1
2
(p21 + p
2
2) + V (q) + γz, with γ ∈ R− {0}.
So, we have that the contact Hamiltonian equations are
dqi
dt
= pi,
dpi
dt
= −
∂V
∂qi
− γpi, with i = 1, 2 and
dz
dt
= (p21 + p
2
2)−H
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or, equivalently,
q¨i + γq˙i +
∂V
∂qi
= 0 with i = 1, 2, and
dz
dt
=
1
2
((q˙1)2 + (q˙2)2)− V (q)− γz
The reader may recognize the typical second order differential equation associated with a dissipative
mechanical system, where the dissipation is linear in the velocity (see e.g. [4, 13, 17] for further
details).
Example 2.3 (Reeb dynamics and standard Hamiltonian systems). Let Q be a smooth
manifold and ωQ = −dλQ the canonical symplectic structure on T ∗Q, with λQ the Liouville 1-
form on T ∗Q. Suppose that H : T ∗Q → R is a Hamiltonian function and HH ∈ X(T
∗Q) is the
symplectic Hamiltonian vector field associated with H . This means that HH is defined by the
following condition
ιHHωQ = dH.
Denote by ∆ the Liouville vector field on T ∗Q, which is defined by
ι∆ωQ = −λQ.
Let c ∈ R be a real number such that ∆(H) 6= 0 on H−1(c). Then C = H−1(c) is a submanifold
of T ∗Q of codimension 1 (note that the condition ∆(H) 6= 0 on H−1(c) implies that H is regular
at every point of H−1(c)). Moreover, using that H is a first integral of HH , it follows that
the restriction of HH to C is tangent to C. In addition, since λQ(HH) = ∆(H), we have that
(λQ(HH))|C 6= 0, at every point of C. Thus, we may use Theorem 5.9 in [18] and deduce the
following results:
• The 1-form η = i∗CλQ is a contact form on C, where iC : C → T
∗Q is the canonical
inclusion.
• The Reeb vector field of the contact manifold (C, η) is the vector field ξ on C given by
ξ =
(HH)|C
∆(H)|C
.
So, in conclusion, the restriction to C of the symplectic Hamiltonian dynamics HH is just a
re-parametrization of the contact Hamiltonian vector field on C corresponding to the constant
function −1, that is, the Reeb dynamics.
3. Contact Hamiltonian systems and Reeb-Liouville dynamics
Let (C, η,H) be a contact Hamiltonian system on a manifold C of dimension 2n + 1. Denote
by U the open subset of C
U = {x ∈ C/H(x) 6= 0}
and by iU : U → C the canonical inclusion. Then, in this section, we will prove the following facts:
• It is possible to define another contact form on U so that the restriction of the Hamiltonian
vector field XH to U is just the Reeb vector field of the new contact form.
• Under reasonable hypotheses, one has that the complementary subset S = C − U of U is
a submanifold of codimension 1 of C which admits an exact symplectic structure.
• The restriction of XH to S is tangent to S and XH|S is a reparametrization of the Liouville
vector field of the exact symplectic manifold S.
In conclusion, the contact Hamiltonian dynamics is confined to the two complementary regions U
and S, and it is a Reeb dynamics on U and a Liouville dynamics on S.
Next, we will prove the first result.
Theorem 3.1. The 1-form
ηH = −
1
H ◦ iU
i∗Uη
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defines a contact structure on U . Moreover, the Reeb vector field of ηU is just the restriction XH|U
of the Hamiltonian vector field associated with H to U .
Proof. A direct computation proves that
dηH =
1
(H ◦ iU )2
d(H ◦ iU ) ∧ i
∗
Uη −
1
H ◦ iU
i∗Udη. (3.1)
Therefore,
ηH ∧ (dηH)
n =
(−1)n+1
(H ◦ iU )n+1
i∗U (η ∧ (dη)
n), (3.2)
is a volume form on U and hence ηH is a contact 1-form on U . Furthermore, from (2.5), it follows
that
ηH(XH|U ) = −
1
H ◦ iU
(η(XH) ◦ iU ) = 1.
On the other hand, if ξ is the Reeb vector field of C then, using (2.5), (2.6) and (3.1), we deduce
that
ιXH|U dηH = −
1
H ◦ iU
(ξ(H) ◦ iU )i
∗
Uη+
1
H ◦ iU
d(H ◦ iU)−
1
H ◦ iU
(d(H ◦ iU)− (ξ(H) ◦ iU)i
∗
Uη) = 0.
This proves the result. 
Now, a natural question arises: what happens in the subset S = C − U = H−1(0)? In order to
give an answer to this question, we start with a preliminary result, which is a consequence from
(2.6).
Lemma 3.2. If S 6= ∅ and 0 is a regular value of H, then S is a submanifold of C of codimension 1
which is invariant under the action of XH , that is, XH|S is tangent to S.
After Lemma 3.2, two natural questions arise:
(i) What is the induced geometric structure on S?
(ii) What is the description of XH|S in terms of the previous structure?
Related to these two questions, we may prove the following result.
Theorem 3.3. Let H : C → R be a Hamiltonian function on a contact manifold (C, η) with Reeb
vector field ξ and assume that S = H−1(0) 6= ∅ and that ξ(H)(x) 6= 0, for all x ∈ S.
(i) If θ = i∗Sη on S, with iS : S → C the inclusion map, then Ω = dθ is an exact symplectic
structure on S.
(ii) If ∆ is the Liouville vector field of the exact symplectic manifold (S,Ω), i.e. ∆ is the
vector field characterized by
ι∆Ω = θ, (3.3)
then XH|S is the reparametrization of ∆ given by
XH|S = −(ξ(H) ◦ iS)∆. (3.4)
Proof. The condition ξ(H)(x) 6= 0 for all x ∈ S implies that 0 is a regular value of H and, using
Lemma 3.2, we deduce that S is a submanifold of C of codimension 1 and XH|S is a vector field
on S.
(i) We will see that Ω is a non-degenerate 2-form on S. In fact, if x ∈ S and v ∈ TxS satisfies
ιvΩ(x) = 0,
we have that (ιvdη(x))(u) = 0 for all u ∈ TxS. Now, since ξ is transverse to the submanifold S, it
follows that
TxC = TxS ⊕ 〈ξ(x)〉. (3.5)
However, ιvdη(x) = 0 implies v ∈ 〈ξ(x)〉, and hence v ∈ 〈ξ(x)〉 ∩ TxS which, by (3.5), means that
v = 0.
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(ii) Using (2.5) and the fact that i∗S(dH) = 0, we obtain that
ιXH|SΩ = i
∗
S(dH − ξ(H)η) = −(ξ(H) ◦ iS)θ = ι−(ξ(H)◦iS)∆Ω.
Therefore, since Ω is a non-degenerate 2-form, we conclude that XH|S = −(ξ(H) ◦ iS)∆. 
Remark 3.4. Note that if ξ(H) ≡ 0 then the behavior of XH is similar to that of a Hamiltonian
vector field in an exact presymplectic manifold (C2n+1, dη) of dimension 2n+ 1 (of rank 2n). In
fact, from (2.6), (2.7) and (2.8), we deduce that:
• H is a first integral of XH and
• The contact structure η and the Liouville volume ν = η ∧ (dη)n are XH -invariant.
⋄
4. Invariant measures for contact Hamiltonian dynamics
Let (C, η,H) be a Hamiltonian system on a connected contact manifold C of dimension 2n+1.
Then, C is orientable and a (positive) volume form on C is just the Liouville volume ν = η∧ (dη)n.
On the other hand, any positive volume form on C is given by
νσ = exp(σ)ν = exp(σ)η ∧ (dη)
n,
with σ : C → R ∈ C∞(C).
Proposition 4.1. The volume form νσ is an invariat measure for the Hamiltonian vector field
XH if and only if
XH(σ) = (n+ 1)ξ(H), (4.1)
where ξ is the Reeb vector field associated with (C, η).
Proof. The volume form νσ is an invariant measure for XH if and only if LXHνσ = 0.
Now, using (2.8), we deduce that
LXH νσ = XH(σ)νσ + exp(σ)LXH ν = (XH(σ) − (n+ 1)ξ(H)) νσ,
which implies the result. 
If (z, qi, pi) are Darboux coordinates for the contact manifold (C, η), we have that the local
expression of Equation (4.1) is
∂H
∂pi
∂σ
∂qi
−
(
∂H
∂qi
+ pi
∂H
∂z
)
∂σ
∂pi
+
(
pi
∂H
∂pi
−H
)
∂σ
∂z
= (n+ 1)
∂H
∂z
for which finding an explicit form for the solutions seems to be rather prohibitive.
So, our strategy in order to discuss the existence of invariant measures for the contact Hamil-
tonian dynamics will be to study it separately on the regions
U = {x ∈ C/H(x) 6= 0} and S = C − U.
Since the restriction XH|U is just the Reeb vector field of the contact form ηH = −
1
H ◦ iU
i∗Uη
(see Theorem 3.1), then the Liouville volume induced by ηH is invariant under the action of XH|U ,
that is
LXH|U (ηH ∧ (dηH)
n) = 0.
Therefore, using (3.2), we deduce the following result which was proved in [7].
Corollary 4.2. The volume form
1
Hn+1
η ∧ (dη)n on U is an invariant measure for XH|U , which
corresponds to the function σ = −(n+ 1) ln(H) in Proposition 4.1.
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Now, in order to discuss the existence of an invariant measure on S = H−1(0) = C −U , we will
assume the hypothesis
ξ(H)(x) 6= 0 for all x ∈ S.
Then, using Theorem 3.3, we have that the restriction of XH to the closed submanifold S is tangent
to S and
XH|S = −(ξ(H) ◦ iS)∆,
where iS : S → C is the inclusion map and ∆ denotes the Liouville vector field of the exact
symplectic manifold (S, di∗Sη).
Moreover, we may prove that the existence of an invariant measure for the contact Hamiltonian
dynamics on S is equivalent to the existence of an invariant measure for the Liouville vector field.
Lemma 4.3. ∆ preserves a volume form νS on S if and only if XH|S preserves the volume form
1
ξ(H) ◦ iS
νS.
Proof. Indeed, using the properties of the Lie derivative, we deduce that
L∆νS = −L XH|S
ξ(H)◦iS
νS = −d
(
1
ξ(H) ◦ iS
)
∧ ιXH|SνS −
1
ξ(H) ◦ iS
LXH|SνS , (4.2)
and
LXH|S
(
1
ξ(H) ◦ iS
νS
)
= XH|S
(
1
ξ(H) ◦ iS)
)
νS +
1
ξ(H) ◦ iS
LXH|SνS . (4.3)
Now, since d
(
1
ξ(H) ◦ iS
)
∧ νS is a (2n+1)-form on S, we have that 0 = d
(
1
ξ(H) ◦ iS
)
∧ νS and
thus
0 = ιXH|S
(
d
(
1
ξ(H) ◦ iS
)
∧ νS
)
= XH|S
(
1
ξ(H) ◦ iS
)
νS − d
(
1
ξ(H) ◦ iS
)
∧ ιXH|SνS ,
that is,
XH|S
(
1
ξ(H) ◦ iS
)
νS = d
(
1
ξ(H) ◦ iS
)
∧ ιXH|SνS .
So, using (4.2) and (4.3), we conclude that
L∆νS = −LXH|S
(
1
ξ(H) ◦ iS
νS
)
which proves the result. 
Therefore, our problem reduces to discussing the existence of an invariant measure for the
Liouville vector field ∆ of the exact symplectic manifold (S, di∗Sη). Using this fact, we may deduce
the following result.
Theorem 4.4. Let (C, η,H) be a contact Hamiltonian system on a contact manifold (C, η) of
dimension 2n + 1 with Reeb vector field ξ. If ξ(H)(x) 6= 0 for every x ∈ S = H−1(0), then the
restriction to S of the contact Hamiltonian dynamics XH admits an invariant measure if and only
if there exists a real C∞-function σ on S such that
XH|S(σ) = n(ξ(H) ◦ iS), (4.4)
where iS : S → C is the canonical inclusion. Moreover, if the previous condition holds then
exp(σ)
ξ(H) ◦ iS
(di∗Sη)
n
is an invariant measure for XH|S.
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Proof. From the first item in Theorem 3.3, we have that (S, di∗Sη) is an exact symplectic manifold
of dimension 2n and a (positive) volume form νS on S is given by
νS = exp(σ)(di
∗
Sη)
n, (4.5)
with σ : S → R ∈ C∞(S).
Now, if ∆ is the Liouville vector field on S then, using the fact that ι∆d(i
∗
Sη) = i
∗
Sη, we deduce
that
L∆d(i
∗
Sη) = dL∆(i
∗
Sη) = d(ι∆d(i
∗
Sη) + d((i
∗
Sη)(∆))) = di
∗
Sη.
Thus, using (4.5) and the properties of the Lie derivative, we obtain that
L∆νS = (∆(σ) + n)νS
and, therefore,
L∆νS = 0 ⇔ ∆(σ) = −n. (4.6)
On the other hand, from Lemma 4.3, it follows that
LXH|S
(
1
ξ(H) ◦ iS
νS
)
= 0 ⇔ L∆νS = 0. (4.7)
In addition, since XH|S = −(ξ(H) ◦ iS)∆, we deduce that
XH|S(σ) = n(ξ(H) ◦ iS) ⇔ ∆(σ) = −n. (4.8)
Thus, the result follows using (4.5), (4.6), (4.7) and (4.8). 
An immediate consequence of the previous theorem is the following obstruction to the existence
of a (global) invariant measure on S.
Corollary 4.5. Let (C, η,H) be a contact Hamiltonian system on a contact manifold (C, η) of
dimension 2n + 1 with Reeb vector field ξ. If ξ(H)(x) 6= 0 for every x ∈ S = H−1(0) and XH|S
has a critical point, then there cannot exist any invariant measure for XH|S .
Proof. If x0 ∈ S is a critical point of XH|S and σ is an arbitrary real C
∞-function on S then
XH(σ)(x0) = 0. This, using Theorem 4.4 and the fact ξ(H)(x0) 6= 0, proves the result. 
After Corollary 4.5, a natural question arises: what happens if XH(x) 6= 0 for every point x ∈ S
or, equivalently (see (3.4)), if ∆(x) 6= 0 for every x ∈ S?
The previous question may be reformulated as follows. Suppose that (S, dθ) is an exact sym-
plectic manifold, that ∆ is the Liouville vector field of S and that ∆(x) 6= 0 ∀x ∈ S. Then, our
question is:
Is there a real C∞-function σ on S such that ∆(σ) = −n?
It is clear that the previous question is equivalent to the following one:
Is there a real C∞-function σ on S such that ∆(σ) = 1?
Next, we will consider two particular examples.
Example 4.6 (The cotangent bundle without the zero section). Suppose that Q is a smooth
manifold of dimension n and that our symplectic manifold is the open subset S of the cotangent
bundle T ∗Q of Q given by S = T ∗Q − 0Q(Q), where 0Q : Q → T ∗Q is the zero section. On S,
we consider the restriction of the symplectic structure ωQ = −dλQ on T ∗Q, with λQ the Liouville
1-form. If ∆ is the Liouville vector field on S and (qi, pi) are fibred coordinates on S, we have that
λQ = pidq
i, ωQ = dq
i ∧ dpi, ∆ = pi
∂
∂pi
. (4.9)
So, it is clear that ∆(x) 6= 0, for every x ∈ S.
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Now, we take a Riemannian metric g on Q,
g = gij(q)dq
i ⊗ dqj , with gij = g
(
∂
∂qi
,
∂
∂qj
)
,
and the kinetic energy Kg : T
∗Q→ R associated with g given by
Kg(α) =
1
2
‖α‖2, for α ∈ T ∗Q.
If (gij(q)) is the inverse matrix of (gij(q)), we have that
Kg(q, p) =
1
2
gij(q)pipj . (4.10)
From (4.9) and (4.10), it follows that
∆((Kg)|S) = 2(Kg)|S .
Thus, if σ : S → R is the real function on S defined by σ =
1
2
ln(Kg)|S+(F ◦πQ)|S , with F : Q→ R
a function on Q and πQ : T
∗Q→ Q the canonical projection, we deduce that
∆(σ) = 1.
Note that, in fact, the volume form νS on S given by
νS = exp(−nσ)j
∗
S(dλQ)
n = ((Kg)
−n2
|S exp(−n(F ◦ πQ)|S)j
∗
S(dλQ)
n
is an invariant measure for ∆, with jS : S → T ∗Q the canonical inclusion. In particular, if
F (q) = − 1
n
ln(ρ(q)), with ρ(q) some distribution on Q, we get
νS = ((Kg)
−n2
|S (ρ ◦ πQ)|S)j
∗
S(dλQ)
n ,
which provides an invariant measure of the type needed in Hamiltonian Monte Carlo algorithms [2].
Example 4.7 (Dissipative mechanical systems (revisited)). Consider the framework of
Example 2.2. If ξ is the Reeb vector field of the canonical contact structure on C, we have that
ξ(H) =
∂H
∂z
= γ 6= 0 .
For this system, the closed submanifold S of C is
S = H−1(0) =
{(
−
1
γ
(
1
2
(p21 + p
2
2) + V (q)
)
,q,p
)
∈ C/(q,p) ∈ T ∗R2
}
≃ T ∗R2,
and the 1-form θ and the Liouville vector field ∆ are given by
θ = i∗Sη = −
2∑
i=1
[(
1
γ
∂V
∂qi
+ pi
)
dqi +
1
γ
pidpi
]
and
XH|S = −γ∆ =
2∑
i=1
[
pi
∂
∂qi
−
(
γpi +
∂V
∂qi
)
∂
∂pi
]
.
Thus, if p 6= 0 then XH|S(q,p) 6= 0. On the other hand, XH|S(q,0) = 0 if and only if q is a critical
point of V . So, if V has a critical point then there cannot be an invariant measure for XH|S .
Now, we consider the particular case when V (q) = q1 + q2. Then, V has no critical points and,
using Theorem 4.4, we have that
XH|S =
2∑
i=1
[
pi
∂
∂qi
− (γpi + 1)
∂
∂pi
]
. (4.11)
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admits an invariant measure if and only if there exists a real C∞-function σ on S such that
XH|S(σ) = 2γ or, equivalently
p1
∂σ
∂q1
+ p2
∂σ
∂q2
− (γp1 + 1)
∂σ
∂p1
− (γp2 + 1)
∂σ
∂p2
= 2γ.
A solution of this equation is
σ(q,p) = −γ(p1 + p2)− γ
2(q1 + q2) (4.12)
Thus (see Theorem 4.4),
1
γ
exp(−γ(p1 + p2)− γ
2(q1 + q2))dq1 ∧ dp1 ∧ dq
2 ∧ dp2
is an invariant measure for XH|S .
Next we will show that, in a situation like the previous example (that is, ξ(H) = γ 6= 0), the
existence of a function σ : S → R such that XH|S(σ) = nγ is equivalent to a certain trivialization
R×B of S under which XH|S is a reparametrization of
∂
∂s
, where s is the global coordinate on R.
In the proof of such a result, we will use the following fact.
Lemma 4.8. Let Z be a complete vector field on a manifold M . Then, the following sentences
are equivalent:
(i) There is a function σ ∈ C∞(M) such that Z(σ) = r, with r ∈ R− {0}.
(ii) There exist a submanifold D of M of codimension 1 and a diffeomorphism ϕ :M → R×D
such that, if t is the global coordinate on R,
Tyϕ(Zy) =
∂
∂t |ϕ(y)
, (4.13)
for all y ∈ D.
In fact, if (i) holds then D = σ−1(0) and the inverse map to ϕ is just the restriction to R×D of
the flow ΦZ of the vector field Z.
Proof. Suppose that there is a function σ ∈ C∞(M) such that Z(σ) = r 6= 0. Then 0 is a regular
value of σ and D = σ−1(0) is a submanifold of M of codimension 1. Now, we consider the smooth
map
ϕ : M → R×D, ϕ(y) =
(
1
r
σ(y),ΦZ(−
1
r
σ(y), y)
)
, y ∈M,
where ΦZ : R×M →M is the flow of Z.
Note that, since Z(σ) = r then, by integration, we deduce that
σ(ΦZt (y)) = rt+ σ(y), for all y ∈M. (4.14)
As a consequence, σ(ΦZ(−
1
r
σ(y), y)) = −σ(y) + σ(y) = 0, that is, ΦZ(−
1
r
σ(y), y) ∈ D.
On the other hand, if (t, x) ∈ R×D then, using (4.14) and the fact that σ(x) = 0, we have that
ϕ(ΦZ(t, x)) =
(
1
r
σ(ΦZ (t, x)),ΦZ
(
−
1
r
σ(ΦZ(t, x)),ΦZ (t, x)
))
=
(
t+
1
r
σ(x),ΦZ
(
−t−
1
r
σ(x),ΦZ (t, x)
))
= (t, x).
Moreover, if y ∈M,
ΦZ(ϕ(y)) = ΦZ
(
1
r
σ(y),ΦZ(−
1
r
σ(y), y)
)
= ΦZ(0, y) = y.
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Therefore, ϕ is bijective and ϕ−1 is just the restriction of ΦZ to R×D. Finally, using this last fact
and that (T(t,x)Φ
Z)( ∂
∂t |(t,x)
) = Z|ΦZ(t,x) for (t, x) ∈ R×D, we conclude that
Tyϕ(Zy) =
∂
∂t |ϕ(y)
.
Conversely, if there exists a diffeomorphism ϕ : M → D × R with D a submanifold of M of
codimension 1 such that (4.13) holds, then the function σ :M → R is just σ = pr◦ϕ, pr : R×D→ R
being the map pr(t, x) = rt. The relation Z(σ) = r is deduced from (4.13).

Now, we apply the previous lemma to a particular class of contact Hamiltonian systems.
Proposition 4.9. Let (C, η) be a contact manifold with complete Reeb vector field ξ and H : C → R
a Hamiltonian function such that ξ(H)(x) = γ 6= 0 for all x ∈ C. Then, there exists a contact
isomorphism ϕ1 : C → R×S from the contact manifold (C, η) to the contactification (R×S, dz+i∗Sη)
of the exact symplectic manifold (S, di∗Sη), i.e. ϕ1 is a diffeomorphism and
ϕ∗1(dz + i
∗
Sη) = η,
where iS : S → C is the inclusion map. Therefore,
Tyϕ1(ξy) =
∂
∂z |ϕ1(y)
, for all y ∈ C.
Proof. In order to obtain the diffeomorphism ϕ1 : C → R×S, we apply Lemma 4.8 to the manifold
C and the vector field ξ. Then, there is a diffeomorphism ϕ1 : C → R× S such that
Tyϕ1(ξy) =
∂
∂z |ϕ1(y)
.
Moreover, if Φξ|R×S : R×S → C is the restriction of the flow of ξ to R×S, then ϕ1 is just (Φ
ξ
|R×S)
−1
and
(Φξ|R×S)
∗(η)
(
∂
∂z
)
= η(ξ) = 1. (4.15)
In addition, using that Lξη = 0, we deduce that
L ∂
∂z
[
(Φξ|R×S)
∗(η)
]
= 0. (4.16)
Therefore, from (4.15) and (4.16), we obtain
(Φξ|R×S)
∗(η) = dz + α (4.17)
with α a 1-form on S.
Now, we consider the map i0 : S → R × S, given by i0(x) = (0, x). Then, it is clear that the
following diagram
S
iS 
❄❄
❄❄
❄❄
❄❄
i0 // R× S
Φξ
|R×S||①①
①①
①①
①①
①
C
is commutative. Thus, from (4.17), we deduce that
i∗Sη = i
∗
0((Φ
ξ
|R×S)
∗(η)) = i∗0(dz) + i
∗
0(α) = α.
As a consequence,
(Φξ|R×S)
∗(η) = dz + i∗Sη.
Since ϕ1 = (Φ
ξ
|R×S)
−1, we conclude that
ϕ∗1(dz + i
∗
Sη) = η.
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
If, in addition, we suppose that the reparametrization
XH|S
ξ(H) ◦ iS
of (XH)|S is complete, we also
have the following result
Proposition 4.10. Let (C, η) be a contact manifold of dimension 2n + 1 and H : C → R a
Hamiltonian function such that
(i) The Reeb vector field ξ is complete.
(ii) ξ(H)(x) 6= 0 for all x ∈ S = H−1(0).
(iii) The reparametrization Z =
XH|S
ξ(H) ◦ iS
of the restriction of the Hamiltonian vector field
XH to the submanifold S of C is complete, where iS : S → C is the inclusion map.
Then, the following sentences are equivalent:
(a) There is a function σ : S → R such that XH|S(σ) = n(ξ(H) ◦ iS).
(b) There exist a submanifold B of S of codimension 1 with canonical inclusion iB : B → C
such that ηB = i
∗
Bη is a contact structure on B and a symplectomorphism
ϕ2 : S → R×B
from the symplectic manifold (S, di∗Sη) to the symplectification of (B, ηB), i.e
ϕ∗2(exp(−s)(dηB − ds ∧ ηB)) = di
∗
Sη,
where s is the global coordinate on R. Moreover,
Tyϕ2
((
XH|S
ξ(H) ◦ iS
)
y
)
=
∂
∂s |ϕ2(y)
, (4.18)
for all y ∈ S.
Proof. If (b) holds, then we can consider the function σ : S → R given by
σ = n(pr1 ◦ ϕ2),
where pr1 : R×B → R is the canonical projection on the first factor. Thus, using (4.18), it follows
that
Z(σ) =
XH|S
ξ(H) ◦ iS
(σ) = n.
Next, assume that (a) holds. Then we may apply Lemma 4.8, with M = S, Z =
XH|S
ξ(H) ◦ iS
∈ X(S)
and r = n ∈ R− {0} and we deduce that there exist a submanifold B = σ−1(0) of codimension 1
of S and a diffeomorphim ϕ2 : S → R×B such that
Tyϕ2 (Zy) =
∂
∂s |ϕ2(y)
, for y ∈ S. (4.19)
Moreover, from Theorem 3.3, we conclude that di∗Sη is an exact symplectic structure on S and
XH|S = −(ξ(H) ◦ iS)∆, (4.20)
where ∆ is the Liouville vector field of the exact symplectic manifold (S, di∗Sη). This implies that
Z =
XH|S
ξ(H)◦iS
= −∆ and that
LZ(i
∗
Sη) = −i
∗
Sη. (4.21)
Now, if iB : B → C is the inclusion map, we will prove that
ϕ∗2(exp(−s)(di
∗
Bη − ds ∧ i
∗
Bη)) = di
∗
Sη. (4.22)
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In fact, using (4.19) and (4.21) and the fact that ΦZ|R×B : R× B → S is the inverse map of ϕ2,
it follows that
L ∂
∂s
(ΦZ|R×B)
∗(i∗Sη) = −(Φ
Z
|R×B)
∗(i∗Sη),
or equivalently,
L ∂
∂s
(exp(s)(ΦZ|R×B)
∗(i∗Sη)) = 0.
This implies that
exp(s)(ΦZ|R×B)
∗(i∗Sη) = fds+ α, (4.23)
where f ∈ C∞(B) and α ∈ Ω1(B). Then, we consider the map i0 : B → R × B, given by
i0(x) = (0, x), and the following diagram
B
iB

i0 // R×B
ΦZ|R×B

C S
iSoo
is commutative. Thus, using (4.23), we have that
i∗Bη = (iS ◦ Φ
Z
|R×B ◦ i0)
∗η = i∗0((Φ
Z
|R×B)
∗(i∗Sη)) = i
∗
0(exp(−s)(fds+ α)) = α. (4.24)
On the other hand, again from (4.23),
d(ΦZ|R×B)
∗(i∗Sη) = exp(−s)(df ∧ ds+ dα)− exp(−s)(ds ∧ α). (4.25)
Therefore,
ι ∂
∂s
d(ΦZ|R×B)
∗(i∗Sη) = − exp(−s)df − exp(−s)α. (4.26)
Moreover, from (4.19), (4.21) and since ϕ2 is the inverse map to Φ
Z
|R×B, we have that
ι ∂
∂s
d(ΦZ|R×B)
∗(i∗Sη) = ι ∂
∂s
(ΦZ|R×B)
∗(di∗Sη) = (Φ
XH|S
|R×B)
∗(ιZdi
∗
Sη)
= −(ΦZ|R×B)
∗(i∗Sη)− (Φ
Z
|R×B)
∗(dιZ i
∗
Sη)
= −(ΦZ|R×B)
∗(i∗Sη),
(4.27)
where the last equation follows using that
ιZ(i
∗
Sη) = −(ι∆(i
∗
Sη)) = 0.
So, from (4.24), (4.26) and (4.27), we deduce that
i∗Bη = i
∗
0(Φ
Z
|R×B)
∗(i∗Sη) = i
∗
0(exp(−s)df + exp(−s)α) = df + i
∗
Bη
that is,
df = 0 (4.28)
Substituting (4.24) and (4.28) in (4.25), we have that
(ΦZ|R×B)
∗(di∗Sη) = exp(−s)(di
∗
Bη − ds ∧ i
∗
Bη),
which implies (4.22). Thus, since (ΦZ|R×B)
∗(di∗Sη) is a symplectic structure on R×B, we have that
ηB = i
∗
Bη is a contact structure on B (see Example 2.1).

Propositions 4.9 and 4.10 motivate the following definition
Definition 4.11. A symplectic sandwich with contact bread consists of
(i) A contact manifold (C, η) of dimension 2n + 1 and two submanifolds S and B of codi-
mension 1 and 2, respectively, such that the 2-form d(i∗Sη) is a symplectic structure on S
and the 1-form i∗Bη is a contact structure on B, where iS : S → C and iB : B → C are
the canonical inclusions.
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(ii) A contact isomorphism
ϕ1 : C → R× S
from the contact manifold (C, η) to the contactification (R × S, dz + i∗Sη) of the exact
symplectic manifold (S, di∗Sη). Here, z is the standard coordinate on R in R× S.
(iii) A symplectic isomorphism
ϕ2 : S → R×B
from the symplectic manifold (S, di∗Sη) to the symplectification (R × B, exp(−s)(di
∗
Bη −
ds ∧ i∗Bη)) of the contact manifold (B, i
∗
Bη) . Here, s is the standard coordinate on R in
R×B.
Remark 4.12. (i) The map
(IdR × ϕ2) : C → R× (R×B)
is a contact isomorphism from the original contact manifold (C, η) to the contactification
of the symplectification of the contact manifold (B, i∗Bη). Note that the contact structure
on R× (R×B) is dz + exp(−s)i∗Bη.
(ii) We have the chain of embeddings (the inclusions iS and i˜B) and projections (pr2 ◦ϕ1 and
pr2 ◦ ϕ2)
(C, η)
pr2◦ϕ1 // (S, d(i∗Sη))
iS
oo
pr2◦ϕ2 // (B, i∗Bη)
i˜B
oo
iB
vv
such that the manifold in the middle of the chain is a symplectic manifold and the man-
ifolds on the left and the one on the right hand of the chain are contact. This is a good
motivation for using the terminology a symplectic sandwich with contact bread.
For the symplectic sandwich with contact bread we will use the following notation
(C, η)
ϕ1 // (R× S, dz + i∗Sη)
IdR×ϕ2 // (R× R×B, dz + exp(−s)i∗Bη)
⋄
Now, from Propositions 4.9 and 4.10 and Theorem 4.4, we deduce the main result of this section.
Theorem 4.13. Let (C, η,H) be a contact Hamiltonian system of dimension 2n+1 with complete
Reeb vector field ξ. Suppose that ξ(H)(x) = γ 6= 0 for all x ∈ C, and that the restriction XH|S to
S of the contact Hamiltonian dynamics XH is complete. If iS : S → C is the canonical inclusion
and σ : S → R is a C∞-function on S, then XH|S admits an invariant measure
ν =
exp(σ)
γ
(di∗Sη)
n
if and only if we have a symplectic sandwich with contact bread
(C, η)
ϕ1
// (R× S, dz + i∗Sη)
IdR×ϕ2 // (R× R×B, dz + exp(−s)i∗Bη)
and
Tyϕ2
(
(XH|S)y
)
= γ
∂
∂s |ϕ2(y)
,
for all y ∈ S.
Example 4.14 (Dissipative mechanical systems (re-revisited)). In the particular case of
Example 4.7, in which V (q) = q1 + q2, the symplectic sandwich with contact bread is given by
(R× T ∗R2, dz − pidqi)
ϕ1 // R× (T ∗R2, dqi ∧ dpi)
where
ϕ1(z,q,p) =
(
1
2γ
(p21 + p
2
2) +
1
γ
(q1 + q2) + z, q1, q2, p1, p2
)
.
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Since σ is given by (4.12), the submanifold B is just
B =
{(
−q2 −
1
γ
(p1 + p2), q
2, p1, p2
)
∈ T ∗R2
}
∼= R3
and its contact structure is
ηB = (p1 − p2)dq
2 +
1
γ2
dp1 +
(
p1 − p2
γ
+
1
γ2
)
dp2 .
From (4.11), we have that the flow ΦXH|S : R× T ∗Q→ T ∗Q of XH|S is just
ΦXH|S (s, (q,p)) =
(
1
γ
(
p+
1
γ
)
(1− exp(−γs))−
1
γ
s+ q,
(
p+
1
γ
)
exp(−γs)−
1
γ
)
In this case, a straightforward computation proves that the symplectomorphism
(T ∗R2, dqi ∧ dpi)
ϕ2 // (R×B, exp(−s)(dηB − ds ∧ ηB))
is given by
ϕ2(q,p) =
(
γF (p,q),ΦXH|S
(
− F (p,q),q,p
))
=
(
γF (p,q),
1
2γ2
[
(−2γp2 − 2) exp(γF ) + 2 + γ
2(q2 − q1) + γ(p2 − p1)
]
,
1
γ
[exp(γF )(γp1 + 1)− 1] ,
1
γ
[exp(γF )(γp2 + 1)− 1]
)
, (4.29)
where F = σ(q,p)2γ = −
1
2 (p1 + p2 + γ(q
1 + q2)).
5. Conclusions and future work
In this work we proved various results concerning contact Hamiltonian systems and the existence
of invariant measures for such dynamics. In particular, we proved that in the open subset U where
the Hamiltonian functionH has no zeros, the Hamiltonian vector fieldXH is the Reeb vector field of
a conformal change of the original contact form η (Theorem 3.1). This directly implies the existence
of an invariant measure for XH|U , recovering the corresponding result in [7] (see Corollary 4.2). On
the other hand, assuming that the Reeb vector field ξ associated with η is transverse to the zero level
set S of H , we showed that S is endowed with an exact symplectic structure and that XH|S is, up
to reparametrization, the Liouville vector field of the exact symplectic manifold S (Theorem 3.3).
Then we used this result to characterize the general condition for the existence of an invariant
measure for XH|S (see Theorem 4.4). Finally, under the assumptions that ξ(H) = γ ∈ R − {0}
and that both ξ and XH|S are complete, we proved in Theorem 4.13, as the main result of this
paper, that XH|S admits an invariant measure if and only if the original contact manifold C is a
symplectic sandwich with contact bread (see Definition 4.11) and XH|S admits a suitable global
rectification in the sandwich.
As future work, we expect to generalize some of the results to the case where ξ(H) 6= 0 is
not necessarily a constant and to understand the relationship with invariant measures stemming
from the Lagrangian description of these systems [14, 16, 17, 31]. Moreover, given the relevance of
contact Hamiltonian systems in many areas of science, we believe that our work will have interesting
consequences in various contexts, especially in statistical physics [8], statistics [3], and inflationary
cosmology [29, 30].
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Appendix A.
In Lemma 4.8, we have found the necessary and sufficient conditions for the existence of a
function σ ∈ C∞(M) such that Z(σ) = r 6= 0, when the vector field Z is complete. In this
appendix we will show what happens when we do not assume this completeness condition.
Proposition A.1. Let Z be a vector field on a manifold M and U the maximal open subset of
R×M such that the flow of Z is defined on U. Then, the following sentences are equivalent:
(i) There is a function σ ∈ C∞(M) such that the graph of the function −
σ
r
is included into
U and Z(σ) = r.
(ii) There exist a submanifold D of M of codimension 1, an open set V of R × D and a
diffeomorphism
ϕ :M → V ⊂ R×D
such that,
(a) (−pr1(ϕ(y)), y) ∈ U for all y ∈M, where pr1 : R×D→ R is the canonical projection
on the first factor.
(b) V is a submanifold of U of codimension 1.
(c) Tyϕ(Zy) =
∂
∂t |ϕ(y)
for all y ∈M, with t the standard global coordinate on R.
Proof. As in the proof of Lemma 4.8, if we suppose (i), then we deduce that D = σ−1(0) is the
submanifold ofM which we are looking for. Now, we consider the submanifold of U of codimension
1
V = {(t, y) ∈ U/σ(y) = 0} = (σ ◦ pr2)
−1(0)
where pr2 : U ⊆ R ×M → M is the restriction to U of the canonical projection R×M → M on
the second factor. Since V = U ∩ (R×D), then V is an open subset of R×D. The diffeomorphism
ϕ is constructed as in Lemma 4.8
ϕ :M → V ⊆ R×D, ϕ(y) =
(
1
r
σ(y),ΦZ
(
−
1
r
σ(y), y
))
,
where ΦZ : U ⊆ R×M →M is the flow of Z. Note that, using that the graph of −
σ
r
is contained
in U we have that
(
−
σ(y)
r
, y
)
∈ U for all y ∈ U . This implies that(
1
r
σ(y),ΦZ
(
−
1
r
σ(y), y
))
∈ U.
Moreover, as in the proof of Lemma 4.8,
σ
(
ΦZ
(
−
1
r
σ(y), y
))
= 0,
(that is, ϕ(y) ∈ R×D) and the restriction of ΦZ to V is the inverse map of ϕ.
Conversely, suppose that D is a submanifold of M of codimension 1, V is an open subset of
R × D and ϕ : M → V ⊆ R × D is a diffeomorphim such that (a), (b) and (c) hold. Then, we
consider the function σ = pr ◦ ϕ, where pr : R×D → R is the function pr(t, x) = rt. From (a) we
have that graph(− 1
r
σ) ⊆ U and, using (b) and (c), we conclude that Z(σ) = r.

Using this result we deduce the corresponding versions of Propositions 4.9 and 4.10, when the
completeness condition does not hold.
Proposition A.2. Let (C, η,H) be a contact Hamiltonian system and U1 the maximal open subset
of R×C such that the flow of the Reeb vector field ξ is defined on U1. We suppose that ξ(H)(x) =
γ 6= 0 for all x ∈ C and that the graph of the function −H
γ
is contained in U1. Then, there exist an
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open set V1 of R× S and a contact isomorphism ϕ1 : C → V1 ⊆ R× S from the contact manifold
(C, η) to the contact manifold (V1, i
∗
V1
(dz + i∗Sη)), i.e.
ϕ∗1(i
∗
V1
(dz + i∗Sη)) = η,
where iS : S → C and iV1 : V1 → R× S are the corresponding inclusion maps. Therefore,
Tyϕ1(ξy) =
∂
∂z |ϕ1(y)
, for all y ∈ C.
Proposition A.3. Let (C, η,H) be a contact Hamiltonian system of dimension 2n + 1 and U1
the maximal open subset of R × C such that the flow of the Reeb vector field ξ is defined on U1.
Suppose that ξ(H)(x) 6= 0 for all x ∈ S = H−1(0). Then, the following sentences are equivalent:
(a) There is a function σ : S → R on S such that XH|S(σ) = n(ξ(H) ◦ iS) and
graph
(
−
σ
n
)
⊆ U2,
with U2 the maximal open subset of R× S such that the flow of
XH|S
ξ(H)◦iS
is defined on U2.
(b) There exist a submanifold B of S of codimension 1, with canonical inclusion iB : B → C,
such that ηB = i
∗
Bη is a contact structure on B, an open subset V2 of R × B and a
symplectic isomorphism
ϕ2 : S → V2 ⊆ R×B
from the symplectic manifold (S, di∗Sη) to
(
V2, i
∗
V2
(exp(−s)(dηB − ds ∧ ηB))
)
, i.e.
ϕ∗2(i
∗
V2
(exp(−s)(dηB − ds ∧ ηB))) = d(i
∗
Sη),
where s is the global coordinate of R and iV2 : V2 → R×B is the inclusion map. Moreover,
(pr1(ϕ2(y)), y) ∈ U2 and
Tyϕ2
((
XH|S
ξ(H) ◦ iS
)
y
)
=
∂
∂s |ϕ2(y)
,
for all y ∈ S.
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